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3. DWT (Discrete Wavelet or Framelet Transform)
August-14-08
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2. Some nototions

oo
[ Rz YUl ot Z——C 5 & Jequeace o2 Z.
U Its Fourier series W s denoted by

> Fike feR

3 AFIR (Hiate impulsefilter) U (or Q) iy a Finidely sppred

b-_oo
sequence on Z.

4  Gayelution Ofmu Gnd V:
Cusvlyim 2 Uy, Thet is, Tavip=Tn 76

-
-

§ x denotes the complex tonjugate of X € C.
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6. The Sesueare W Given by W)= TG V) s
L)
Wip= Z U Ve, sez.

k= -0
7. Fa +€ LR, its Fourier Aansform (5 defined 7o be

T0H: = f foe 4 geR,

8 Gayrlution 7 ., § €L, @R) :
$45G): = J FE-+) $0dEt,  FER

That o5, 4o~ 3 (®=F®FC.

3 Perfedd Re conghruttion Wavelext Flders:

Primaf:  lowpass o,  RNshpasy b, .- &
Dual :  lowpass A, highpas G, ... T-

P(’Y“/Eff £€ Lon vl Ct ion Qnd; 7‘{01\ (in 15(7%7“% 0‘“’““';'):

== v . "‘c [R¢)  R(F) ]
aw 0 D ] @m ’Q(fm Lo 7]
Z G+ T(m) - ) =2

,,L(f) D T

L
That s
TH a6+ = Plo Bo=|

tid vVEER
BIEY DE+T) + > e M esm=n
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In the 1ime domarn, th: j fonofd':m 'y efuivadent Ho .

= = > T 2 _

g aa+k Gt LZ,;&.»: i+k by = & s ez,
k2 _

S aretary I B,e'keo

k:-on

Wheve § denotes #he Divac Sequence Such that
S=1 ard ;=0 VYVis=xo
Th:) .'j ﬁtja @ju:\/a(en'f 7o

+ T =1&
3+2k alk = k Do ;-f-lk ] VJ‘-:%
L 2o —

f? "‘Zzztﬂkﬂ ﬂ"‘s‘

IR+ alk-H L= k=-»

.k =-be

_— -

4 The special case L=I: one lowpasy apd one highpass
The Pé!"feﬁ" re tontvuiion Gndi'tion betome (

[‘-&‘m f(f)j) AE) a(f-Hi)] [; o]
-
Z2Gm 5em|| sy teaml) Lo
(s iy equivalent 70 (ndting that Hhey are Square marvi(ed)

[ﬁ(f) a{fﬁ’] a'(f) ?ff) ] I OJ
~ N — =
b0 T | | Fam Fam ) 0 1

That 1 )
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1. (7 @+ dtem BE=1]

"———.__

I S Q(F (f)—i-ﬁ‘(fﬁ) T+ =0
H DB+ AE+m DlU+m)=0

W @) + Tam Tam=o
In 2he fmqe domain, his i equivaleat Fo

Findanodal [ > Oogon on =26 (0 ad W are 5*“7“”4’011«/5{&

e A

> Oyer Bk =0 (6 and T are orthgjoral)

k=-0=

f Boire bp =0 ( T and b are orthogonad )
o

2 T T _<Lf nd B are biorthogonal)
E-m 6zj+k bk = 5; (b end b 7

I‘f 'I'I\e A;‘O#J\PJO l\.ﬂu( Mf‘fd'ﬂt\ l'.i\ (’“ (-!Aﬁ'f ‘:j. a Gh\,d ?
are Giorthagonal), a standard chace 7o desga
the highpaty filtes b and G

i f — =
NG ez‘f ?(jﬁr) b= ) Qi

o= 't REm, T an

Siate o emg -fv d\_c& SLhaX P
N\ sa ) [
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A6 ) J [W) bl

rFa) —\ -
() Tl |LRam T ,
[?mr ’E&Tﬁj M) €30

| R - RO || R -5 70
_ | o
[, 7]

Dejtfm"ﬁad: & L;of‘ﬂu}aaw(. (or dual) 490 T (or
T ) a duad mask/+ilter Ho a) f

A A+ Rletm alE+T) =]
Tn pavticular, i+ a O a dusd mask of itelf, Then we
GU Q i on orthogonal magh /il That
[A®" + 13 ¢E+D] —.
Example . The Hoar +filter a: H. So
~f
a)= T = 170)= al’(H%)
= (RO + 8D = () + )=,
Gonclusion : The Haay filter 3 orthogonad. The higkpad)

fiter _ip .
L= e 7 = + (%)
So b "i Ji
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5 The traas tioa opmﬁr and Ahe Subdyision operator
let U and V be two fiventes op z.
The tvansition operatvr T, . i§ defied 1o be
[Tav] == Wy, . i€Z

k=-0o

T‘\Q Subolivision opEKQ‘I'PI’NSu,L I dea‘.hed o be
Vi =2 > W . dEZ
L—Su,l L k%_“ 8 aék
Ia #he —ffé‘?itean domain_ we hayve
TV = 3 [0 T@ +Tewmicm]

€ VB = 276HRO),

6 The D:crete Wawtei/ Framefet Transform :
The Deaom,w,‘ﬂm Transform {or Algorithm):

Inpﬂt data :
. _ ‘_ ,
Ctilg ] [4mRnC e, ATy,

Highpass Wavelet coetfiiets
The Renstrution Transfam /orﬂgmw., )

Caupa J
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Thearem ( Porfect Rewnstribtion): & = ¢°. That 1.
Y reuan@sc®

14

CcC = f TR’,‘L Ca + g jbel T-g"lC

i-f aul ﬂqf f—f

[’A{F) 2 - - Tl J ?;?;)) ?ﬁ;:)) __[1 o]
Fiem) Teem - Bl |50 2V |TLeS

e TR
Procf  Note that
€ T B0z 2 T, 0 R
= BU) RO R+ PR R )

d
M T (= POTE P+ Penieany

Consequ J‘j, o~
S Ten OB § YR Tra,c"(f)

= cv(J)[ 2 G(E)+ 2'_'. ?—/}(ﬂj

+ P [ G cf)+ > Ty R9)]

Ikereyfvre Zhe porfect recasiait prperky  guivaleyt #o
=) alf) + Z T0) FlH)=)

Msem) CG)+ Z?(m TE¢) =0
Thij completes the proaf_ 2z

and

T Mult level Dycrete Wavelet/Eramelet Transsorm.

We can perform DUT op She lowpa.ss Wayefext “'3{“3’”
sgain & ﬁjam:
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= a7 Ta--t (e
Gad ' . -
d’;:: J;—FE'IC‘H"”‘ a[l_;;.ﬁT-g-,;C -
T‘\cd fi We ‘\w\e the 'f’,uow:}g ol.‘asram .
£ Lt E

\"\,d \d NP

dt dL ﬂ]
't Im’o:f&mz.ﬁfa)ﬁw\ M Tur and Su,-,

* [_ ll‘ﬂv V]j"_ E" Vk uh-zj - ? Vk _(!3 k') Z—- ‘4 u‘J'b

= WHi)y;, where (h =T

That i, TN = UK. Heae

d,ﬂl-Mjﬂm n
-—.T‘—li.q I"lu E V_:.E; V*J-m—-—i(wmlh

Wl\elfe dplﬂ'ﬂ JQMPL“\J by 2' :3 (\/J).) = VZ;
Note +hat the suport of (V) iy just half of V.
* [S,vl,=2 Z G Ui_ak =2 Z (V'x)zk vk

=2 (a/r ENT)
wheve the u!) w}m}r La ')L i
N
o, I'jL k o od d
ex. 9.4 ¢+ 3§ ufumet,..,}/ qo#bro-zoé’

S I S AN .

N " 434401234
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5&4 v 4 — V up wﬂ’ h‘?;, w,ﬁiw,)tu—’inmmu
u 1, _— vy L

So #he Discvedt Wave et Traasform (an be alio Viewed as

c’ b <, ——E[ZL—TITEI—
il e P e R U R
[+ B = 2 -——Elﬂu

| leve) d?tﬂmrojd’;oh | level rewastruction

% Mo infutivel), 4o Glealate (T, 7= ZV& Uy .

We put The (e"fayi U af PN
P U “u_' u_l u‘ = Ho;..l_h? ‘fu\

A PR [7uav];
Ij-l @15-H

Note: No tlipiny of The +iltey W, but Chagy U o uw!

Caution: There are Severad normal;rafion Conditions oA
the lopass filter G éd @, Hzre, we qf&u.ﬁ'a,}

ﬁ(o): %{0):4. TL\a‘h's Za -Z a;- [l’

,’.

DWT for Data on Bounded Interval

August-17-08
5:25PM
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. Suppsse that data V has support [Mein Man] and
4ilter U has J“PPM C Muin_ M'lax]-
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Thea Wu hag 5“”0}’1" EMm‘.\"' Mmax , Mmu"‘”ﬂ:‘«]“‘ﬁl

i3 Total leag#h s
(Mqu— Nmia) — (Mmin= Mlmx) = (”\mm{"MMfA)
-+ [Nmax - /‘/Mu‘n)
=L Le
ength (V) + Leath (u)

Thiy will Guwe Some pm‘:lé’ﬂ’\

Recall #hat 7o calcdate WU one Hirpt Hipthe +itter U,

the San Ahe data V ia ovder:

ex. g ¢+ ¢ +bp 6§ 4+ 8
- 2 L - o |
w
T 89 w0y N To  Calpulate (u*u)'/p,,d
v — ;) ———— he centor of the Flipped U
= 2 1 o position |
.—T—@—{L Thea (AW), = £x8+%x1+2x0+fa)
L 3 9 Io J'l ;ll
A -

OR 8/"5’7@)13

0
6 4 - @
6 4 @8 "}”@iég
1 & 9 el .

— L4l
-2 -t o1 3%y
extra data *‘ ¢ extva data

T. +he ronedadut (ase : L=, we hape
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c® *«ﬁ,b.’* \l,z, ¢!
*'JTF'_ 5 ,_w_r_;{—-)al'

L\

Due 7o doun sampfing by 1, he legth (') 2 5 Logh (€)
and  The length (') = <L leng#h ()

length () + ngth(d') = legth ("),

Hovevey, due to the ikt dength of @ and T, The exact
kﬁ}f'b\ relation 1§
Long#h (') + Long#h(d') = (g (®) lergth Betra,

Wit A

So

Lengt\Extva move or desq only depend on the
legth of Hilters T and T Quige atten
length Bt >©  ( Excapt the Haay Hiller For

legth (°) & pover of L),

Ta vther wards, even for the ISmallont nonredandunt (age
L=\, ¥ data of lengﬂ N, Fhe totad number of
oM wavelet effitients >N, Thiy i nat- desiradle

mang appliadtions; We need extra fomge for #he ogia
wavelet coeffitients i we ,,:s:jf P“f te out side boudarﬂg 0.

Zero Pﬁ.o‘d:ﬂ.r‘pi? "= ! b1
Muia Mmax

How Can W@ handfe the exta wavelet wefideats —for
DT ~For data Siftin} on a bounded indorval )
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2. beal data bounday by plriodidig Ahe datoy v
| Assume that our data V hay Support [o, 2],

W v, Y, ‘4.‘"—!
V: 4 f 1
o) 2 2"
L. Peviodig i+ at both end
Vpa Vi) Vo Vi Vira %'4 % v %?L l&\_-.l
VPG': ——l | ! } + .,; ] Z.N{'L 1I.lﬁ"_"
NP Mt 2

3 Then VP o Y paviedil : Vf:;y - Vfr,
Intead of cnsdering AL T, V. we wuidey
'\[T Ta";l UPBY ”
I+ 3 nat diff it do chedk #hat LT, V7
2”4- pMad .

¢ we we T T V7 rgddel o (o, YUI] iasfead
o JT T,V Which has foagn > 2%

S e dewote iz BT, M| 0 aed

Lper _ ,
P= N Ty T )
Then we will keep :

Leagth ( P+ lag#h(4P7) = 27 = Length (<°)
I, esence. we ave applyiny poriadic \avelet Fanrform
4o peradit data
3 problems about 2er0-padding and Periodirction:
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We intvodue éxfa jum pS /dd(a,cf,‘nulﬁd—
dota boy deries big. jumps dieto porisdiation

‘&________..—
r »

‘ P ﬁ oo \
= Jumps due 4o Z.BI’J—MH?/

B.} Jumps near bounderics itvoduce lagye hgApass
Wavelet wefficents nery” boundaricy !

¢ lfnear-phwje and -?“Wd' data and Filter .

let Fe¢ L (R) be an ,Walle +tun ction. T Fourior
tYeasporm. O defined 1o be

Fo:= [0 e dE, ger
For c'.q;, domplex numbey ¢ € CJ we Can WIifE

c= ¢l em , le(Ze o its magntude anA
P €R i1 113 phate

For o funttion €L, (R), We Say #hat + s of (itritt)
Linear phase i+

2 ; P .
15 = 130 & md Py 2 Jinear

funttion (faking real Valye), #hat 0.
Pray = € +6f, VEeR ~for Jome ¢, . €R.

More generally, we say Fhat i of Linear Phase 1+
F3) = Ag) eia'”‘i) vieR —for Aif), 6,6 €RX
That :i;_ We allow the magyfude 7v be all veal numben,

T4 k) holds, Fhen aat68)
Tm= Ane
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That if, we mupt haye G +6.5)
ff‘ﬁ) < ((+ 6 F) — AP = _f{f) e"

So we myixt have
LZCCH‘CJJ
7@ = Fhe
Ip\ *h@ 'z‘me damam_, Sinte y
A» — Hf
=) (D= fR-f-(—f)e df:’ﬁ-f(-ﬁe it

= [+me™t = 7D

—L(f'ﬂ—(»)j
ﬁ) (§) = -(IR f#-210)e i At "J fwe 4
= e 7w
We h Fad 7HN
e F= )(f)_ M Yy (8)

That ;5. we must have
-5 = e““'—ﬁ(:t—zc\.) ¥4 (rae +)

Re write #, we ho.me‘
g fh) = € Hitac)

Dente G(r= © '“44). Then

§-1) = §G-20) uith §Hi=8 ).
Note +hat i1 & veal Valued Function

= )= Fep

Now we discuss fincar-phate proparty ~for reak- valued
~funttiony : 41

B ) = j fhe
F®0) = [+ Cit)fdt = e fInt'at

Assum~g  J\(F) = ?“"‘" o) g 4+ o(I1), f=o
with  F™0) %o, |

dt, we have
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e, +61)

Y T = fe

we havé
e e S 0GHGE) \
:Tm[a) g“ - 1) f“e + 0(§ )
n' A!
' —i¢,

T’\Gd' “'f m: ¢{ﬂ)(o)e
Site [0y €)' jm o t'dx

Yed ndm$9Y
we mupt hare A —L2C
) =tde =
":1(':; e =(-1)

IA othey words.
f-$ = f(#26).
That 1, = o5 either Jymmefi( ov anki Jymmefro C
about Cy Lg
t-e)=t4(6ra) =2 f )

—

Conclusion: Foparveaf-value ( cmpactfy Juﬂqq‘d) Funéton 1.
+ 8 of finear-phade &=> + has fymmer} (Ymmetic or
ﬁﬂf;ymm%f)

Same Conclusion held) +or jequen(e §;
For Uiz——> R, Uis o4 Jirear PI“*IE I#MOR‘J i
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mtor abotct anitgfle ot anhatf Gt an
int-efer ld’“fe/r
Jiroar Phaje if known #v redie artdad Sae human ggos are
Sensi+ive Ho non-fpmmete it objed)

-
1

& DT s Liltery wWith Jjﬂlﬂdff x A ‘ Tiz—R
Cage |1 W 7§ JymmeHiC about O '4_{0' o
Co-‘rle" P - e Lo 2
P A 2=
Cy *-tij_“'*?* -3 ] i
27701 L---- 2oL X Y
noa¥epe ek’ J‘”"“w;t 1A
—_— ll;'l- 'ﬁ' -
ol {l ':?»
"""/1, % % JXA k‘f
. oA
mkfei‘ed:’i repest f
ref'[ebhw\
U hag 1he same lymmetry a4 U © 4 F. T
X »
N . -0
w I . ] I -
,_Hrred S ‘ :
x K e x x ,xk
/ § x o L L e TEy
ro o o o ' & ! O o
S T o 20 L A A
W . | I i [I—
ji‘.ﬂ — P ‘ )-1 24‘_" 2{\}
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Cate 2 Uiy GatispameliC abour o (oo, (-—vmlued Tilter)
*
B i HE
For .
o . * - > -
- : > * : .
! g'_-’.fj R - * f'" . r 2
oo | N IR IRLE S
Mou refgajma« vefledtion on ba 74 end points
*
w=gx v At e
‘ -1 % 1 __-i l Z-N 2 _r"
* du'f' n SJMW:L aled uﬂk‘. *
Mm.d a«”’d
U Gad U hawve Hhe Same W@%i;‘pé’
;o f
SII.ILJ [T S I
- o | "L ; MY =—x2
* W'(qﬁ’d a-t a&-
Onti g mmeT ati ffm wtGglr
! j,\ 4 asoult aokﬂ'f
Case 3 : N Igmmetvi( abowt a bkt intefer _,__._J_.
T 4 1 -1 D lr),
» a'® > L—;__:—_l—'* *
* I w% * ! , 1 1 1
_L_;_%'_'.-J* * e *> o & “- * * %
sk | o '
| N N | [ ' — A v M f
I i ~ N~
4 a0 | LI S R
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I * 0 A x , #
u — ! . . [l I . R -
Tu.,'l _a A ‘i O % - - . (2 #‘1)/1 ,. zﬂA
(L hwi -fie ’{amf Ignm@h# -‘fape * *
] ALY
N x x X x ;‘- x = X )
Sua¥ P L @ ) 9 . Q@ N AR I A S
} — Y -
4 = ( 2 ¢ D ol 27\
* % - * A .
L 1 ‘” "N —
N 1 D 1 . 5y Y=
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T tepeddif YOt on on both g dpoist
‘_‘ ¥
Case W I antiggmmediC albout o half intgfer, ., .
a4 3 [
bl W* ¢t
W -t - ) o * . #* . * =+
“ — L I 1 1 1 1 i 1 1 ] -l'ﬂ
-~V 20 T T 2 B T L ” “n UL
Tar 1__'___4 V=) e
* -+
¥ *
X *
—_— I | } —
W o4 Yah VY
* -
ant i syl ot both epdpoint .
o
A4 . [ TR
U har #le fame ngma#f}fgfa T
* -
Slu:"J --?———'— g — ? . L ? : o‘:«' lr
‘ -3 -—*L PN VAt VX
h- 4
ks
__-.-._-__--"
Summary —t
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